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ABSTRACT

Sc&tter field and. radar response of an Inflnitely lou straight metallic
wire are derived assumig that the wire is ilumizated by an antenna radiating
a Oaussien boan of narrvv bean width. The scatter field has essentiallv. the
sam distributiom in a plane through the wire axis; it varies pUMe
to plane by only an auplitude factor. The rada4, response is at a naszio
for vertical Incidence - when the bean axis interacts the wire axis at
right angles - and decreases expeuatialywith '-. reasing inlinatlon of Uh
beam axis against this direction. So side lobes are obtained for Gaussian
illumination, at leaat not in the interesting rag of small angular devti-
tios frm vertical incidence Vwere the radar respone has appreciable values.
Two cases can be distinguished: (1) the wire crosses the Fremel region of
the antenna ad (2) the wire is situated in the antenna far sa. In the
former case, the theory is limited to wire radii not exceeding the been
radius at the asemma; ia the latter ca e , arbitrary wire raii awe admis-
sible. If the wire is located in te far field regien of the antenna .the
expression derived for the radar response can be geeralised so that it
aplies to any antenna cbarateristic, The generulized. expressm shvs
that a radar croas section can be assigud to the vire even th eg It Ma
been assmed to be infinitely long; this radar cr ss section 1mcsames a-
early with distance between antenna and vire.
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~RADAR RESPONSE CF LOWG WI. S

1. INTRODUCTION

Helicopters flying at low altitudes must avoid collision with natural and
van-made obstructions, The visibility of these obstacles depends, apart from
weather conditionsj on their geometrical configuration. The geometrical con-
figuration of thin vires with long suspension lengths is particularly inctn-
spicuous, and .he question arises whether such wires can be detected at safe
distances by the helicopter radar system.

To obtain quantitative information on this problem tae scatter properties
of straight metallic wire are derived in tais paper; the assumption is made
that an antenna emitting it time-harmonic beam with a narrow Gaussian rvdiation
characteristic is the source of excitation. The wire is assumed to hvie circu-
lar cross-section and to be long compared to the antenna-beam diameter at The
location of the wire. The scatter field produced by diffraction of the inci-
dent beam at the wire is derived, and the fraction of the radiated power which
in this scatter field is returned to and received by the antenna is calculated.

By means of the rtciprocity theorem, a general formula can be determied
for the ratio of received &A transmitted antenna power. This formula holds
for any scatter object and any antenna characteristic. When applied to m
straight metallic wire illiminated by a Gaussian antenna, this formula ltds
to an expression containing triple integrals. A rigorous evaluation of '6Aese
integrals is mathematically difficult, but with appropriate approximations
closed form Polutions are obtained for the radar response. 'The approxi=-
t~ons are based on the assumption that the beam width of the incident bemn is
in the order of 1P.

Two cases can be distiqguished, that the wire crosses the Frmsnel region*
of the antenna and that the wire is situated in the far field region of the
antenna. The approximations made ir the former case limit the applicability
of the results to angles of the beam axis against the nor2al to the wire exis
of up to 150. This restriction, however. is of no practical consequence an
the backscs.tter power received by the antenna decreases vei,7 rapidly as th*
beam axis is turned away fr:m the direction of vertical incdence. There my
be side lobes at larger angles, but the fermulas show that if they should
exist, their level would be very low.

If the wire is situated in the far field region of the antenna, a general
expression for the received backscatter power which holds for any antenna
characteristic can be derived. The Gaussian antenna in this case serves only
As a specific example. Similar to the case that the wire is within the Fres-
nel region, the radar responsa for a Gaussian antenna does not contain side
lobes; it decreases exponentially as the beam axis is turned away from the
direction of vertical incidence

Diffraction by straight metallic wires (as well as by dielectric

dielectric-coated wires) is a subject well-covered in the literature M.-131
*For a beam width of 10, the Fresnel region extends as far as -100 a at a
wavelength X 3 ca, and as far as -1000 a at X = 3 m-.



Zn partic.r the "Special Issue on Radar Reflectivity" of the Proctedings of
the IEEL contains a comprehensive bibliography on this subject. The inci-
dent fielA in these publications is usually assumed to be a plane wave. * If
the wire in of finite length and if it 'is situated in the far zone of the
antenna, the inat:ent field along the wire will indeed approach a plane wave,
and knowledge of the plane wave scattering properties would permit immediate
determination of the radar cross-section of the wire. The received backscatter
paver is readily obtained from the rada, cross-section if the antenna radiation
characteristic is known. However, for very long wires such as are treated here,
calculation of the radar response requires decomposition of the antenna beam
into its directional spectrum of elementary plane waves, solution of the scat-
ter problem for the individual elementary waves, and superposition of the con-
tributions from all these elementary waves to the received backscatter power.
We show in this paper that if the wire is situated in the far field region of
the antenna the radar response is still determined essentially by only one
plane wave, the elementary wave propagating in the direction which intersects
the wire axis at right angles. If the wire crosses the Fresnel region, all
elementary waves contribute to the radar response. In this report the radar
response is derived and evaluated for Gaussian antennas.

2. BACKSCAR P(YWR Rh1VRM TO TRANMTTIN ANTFA

Consider a horn antenna radiating in the presence of a metallic scatter
object (see Fig. 1). We denote Jhe 2rin ry field which the antenna would exit
if the scatterer were absent by Ep, 1 p. Lf tion of this primery field at
the scatterer produces a secondary field Is, I. This secondary field gener-
ates a tertiary field at the antenna, waich In turn is diffracted at the scat-
terer, etc. The tlrtiFr field and all subsequent field term are combined
Into a rest field IR, RR. The priary, secondary, and the rest fields satisfy
the boundary conditions:

(F ,)=0andi~ E~E (la)

E" E and ( dt) = (1b)

*Exceptions for instance are papers [12) and r133 in which dipole excitation

is a smed.
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The sources of the primary field am located at the antenna; the sources of
the econdar7 field at the scatterer. The rest field has sources at both ln-
catiens. All three fields satisfy the radiation condition provided the scat-
ter object hus finite dimensions. The wire-scatterer treated in this paper Is
ass med to be of arbitrary but still finite length.

The reciprocity theorem states that any two fields 1, 1 and A v2A
satisfy the relation

x - E% x/-, f =, b (2)
~ E, 2  2 Hf/ 0

S

provided the surface S incloses a space range free of sources. We assign

and apply equation (2) to the space range outside the antenna and the scatter
object. The surface S in this case consists of three parts: A sphere of
radius R 4 - vhich does not contribute to the reciprocity integral since all
partial fields satisfy the radiation condition; the surface % of the scatter
object; and the aperture 81 and the metallic vall Si of the antenna. Because
of lbundary conditions (la), the integral over the surface Si is zero. Using
boundary conditions (Ob), we obtain

-- -1-1 T H

-S

We further applf the reciprocity thecrem to tht closed surface formed by the
antenna aperture Sl, the inner antenna wall, and a cross-section S of the



coaxial part of the antenna near the feed point. It can be shcvn that L '

rt

where Vt and It are voltage and current at S1 asociated with the uppertur-
bated tranmitter field, and Vr, -r tre the corresponding quantities for the
received backscatter field. Z is ibe input Impedance of the anteana (at S)
to which the receiver Impedance Z " is asumed to be mched. By coilalat
equations (3) and (4), we can express the prn duct IrJt by an interal ovr
the surface of the scatter object

(7 '7 ) rL x I (L

S2

where for aU practical purposes on the right side can be nelkct4 beea

the rest field, vhich is generated by diffaction of tW seconMdry fl Ad at
the antenna, is very weak at the scatterer.

The power radiated by the antenna in tbe absence of a scatterer is

!~~~~ (Z.Z)6f - f~i~~X71 (6)
t 2 Z PT P

5



and the power received frcm the backscatter field is

The asterisks indicate conjugate cmplex values. Hence with equaticu (5),
the ratio of received and transmitted power can be written

_ / 0(7)

where Q is the reciprocity integral (5) in which the tr n has been amitte I

0 ~[s (MH)d,5 (8)

'2

3. PLANE WAVE REPRESMTIOA OF IhCLEWZ FIELD

We formlate the priary field Ep,, By sold derive (in Section 4) the

secondary fie3d E8 , H for the problem of a Gausian beam iluminating a
straight e U.Uic wire. Figure 2 shous the geometrical arrsngemt. For
convenience) we shall use a cartesian aMd & cylindrical coordinate systAm
rnioultnusaly. Thp emn g&'Clt i nr +'na tun avs4Ama 4*.0 VhAW ,,,.mw4.. m
x-axis, from which the angular ccrdinate c in counted, connects the center of
the antenna aperture with the wire axis. The radial coordinate is. as usual,

defned The plane x -d is a mathematical surface per-
pead.icalar to tLe x-axiu just in fro nt of the anteina aperture.

We split the primary antenma field into two pert., one derived from an
electric vector potential and the other derived from a magntic vector potmn-
tial. These vector potentials can be assumed to comprise only a z-cuap.t
which we will denote as #p and tpI, respectively. The electric and magnetic

6
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FIG. 2. Coordinate systems used in treating problemn of straight metallic
wire illuminated by Loin anten~na.



field strength& vre obtained from p and p accordin to the ielationa

vhere in the unit vector of the z-directimo and k 2/k is the vave nu-
bor. Note that Ig - 0 for the partial field derived from the potential fps
and I& - 0 for the partial field drived from the potential *.. both vector
potentials satisfyr the wwo equation and in the half-apae., x > -4 can be
vritten as superpositons of elmatary plane waves:

(1- " o4

t (xidCX, z ( nJx [ X4 4l(+)- h f- h
hhrw- 0.0 (10)

?f(X, / zr Jfg l r, ) exp p o tk~1 -e of .p /-

or- 2- 41

In the rwV~ whiere IIx is reeti the elementary plane vaves are of the props-
Sating type, and in t remae uihere hx is imainary they are of the evanes-
cent type in respect to t e x-direction. The eaplitude spectra f(hy, h)
and g(hy.. hz) according to equations (10) axe the Fourier transfom of the

8



distrbcutions of #p and *p in the plane x - -d. Applying the inverse transfor-
mation we obtain:

-- L)

rP Z) Z)Cr.

J d 4 -'- ii -**'

As state< before, we shall deal specifically with the ce that the :1mz7

field radiated by the antenna is a Gaussian beam. The reference plane of the
beam (waist of the beax) 5 is assmed to be situased in the aperture plane of
the antenna. When the antenna is directed toward the wire so that the beam
axis coincides with the x-axis (vertical incidence), the reference plane is
the plane x = -d and the field distribution at x = -d Is either

=Z{ 2 9o(2a)

or

2. ax (12b)

depending on whether the aagnetic or the electric field strength is polarized
normal to the direction of the vw re axis. The mode parameter of tue bean
is po. Tilting of the beam axis against tip. x-axis leads to mvdification of

the field distribution in the plane x - -d. The modified field distribution

9



In the fonr cse (1 0) i approxinately giveu by:

and the moiied distribution in the latter case (1 a 0) by

-V y- Cosv - ,, < /

01

vhere

t/cv ~ -~-- ~ - 13c)

10



The a 1 es which the beam axis forms vith the xy, z-directions are yxs Yyp Yz
repectively (see Fig. 2); obviously

The phase term in equation (13c) describes the tilt of the phse fronts of the
beam against the plane x - -d, and the factors siny and sinYz in the real

part of the exponent describe the broadening of the amplitude distribution of
the bea in the plane x - -d with increasing tilt angle. It is readi4L seen
that for y "+ 0 field distributions (13a) and (13b) appro=h distzibutions
(12a) and fl2b) respectively. For all tilt angles these field distributions
satisfy the relations:

='~ =F E lv

where n is zhe unit vector in the direction of the beamaxis. I, R, azd n in
other words are xutuailly orthogonal for all yy, and I as well as I HI does not
vary with Yy, except for a ehange in the coordiuiate scale.

Equatione (13) are approximations only fbr the actual distribution of a
tilted Gaussian bean in the ]plane x - -d. Hawever, the smller yx is, the
better the approximation. In the following) we shall assavae that the antenna
radiates a rather narrow beam with a bean width in the order of 10. The back-
scatter power received by the antenna then decreases rapidly as the beam axis
is tilted against the direction yx - 0 (Yy yz - 90o), and we can restrict our

considerations to a small angular range about tis direction, where equations
( I 0 44h,.*.*.11 . - -4.- 1 ~4 1,A .,,4 .- .*1..4- ....J .. .. .

4i.U%



The radiation characteristic R(Q) of a Gaussiwi hem'(12) is proportionnl
to

(k)' 2
'we

where 0 In the angular deviation of the direction of observation from the bea
axis . A bema width of 10 for instance would require kpo w 100.

The fields determined by equations (13a) and (13b) can be derived frcs
electric and magmetic vector potentials #p avd #p, respectively vhose distri-

butions in tba plane x - -d are given in eood approiaation by:

1- Zi ltt/.( ) ,Z) (14)

The corresponding amplitude functions are obtained with equations (11):

2;' i 35

With kpo in the order of 100, the amplitude functions f and g have appreciable
values In oaly a very sall hr,hz-range about the point hy - cosyp, h - cosyz.
Therefore the integration in equations (10) for Op and tp: and in the expres-
sions obtained vith equations (9) for the field strength components can be
essentially restricted to a neighb.rhood of this point. Calculating the field
distribution in the plane x - -d in this asnner indeed reproduces the field
strength components (13a) and (13b). Hence the vector potentials #p and *p
obtained by inser-ng thle a5p.-Lizude functions (±.) into equations (10) descrlbe
the desired Gausslan beams of variable axis directions, at least in the inter-
esting range of sall yx. The electric vector potential characterizes a beam
whose asgnetic field strength is polarized normal to the wire axis direction
(z a 0), and the magnetic vector potential characterizes a beam whose elec-
tric field strength is polarized normal to this direction (9. a 0).

12



The power W, transmitted in a field (10) can be expremsel in terms of the

&ciute equare , 'litude spectra of the niopagating el antary waves.1. 36

Fields derived frm the potentials i and * are mutually orthogonal with re-
gard to tLe tranxmitted power. Hence

1- , (16)

where

For the exinple of a Gaussian beam, saplitude spectra (15) unt be inserted
into equations (16). Since kpo is a large niuber, the integration can be

perform-d approximately with the result

V fk42 c

The relative error is in the order of (po) -. Considering only direc-
tions ef the bean axis which do not deviate substantially from the direction

13



of vertical incidence (y. a 0), we may further approximate

and hence

For an angular deviation froi vertical incidence of, for instance, 150 th

relative error is still below i/400.

4 . CTIMNDZ WAVE RSPRMUTAMICN OF SCA= 71MW

Aquation (15) shows that the ais3.itude spectra f and g of & Gaussian
beam of narrov beau width are practically zero in the range of evanescent
elementary waves. Since furthermore these evanescent waves decrease ezpmen-
tially with increasing distance frax the reference plans x - -d, t4eir con-
tributions to the incident field at the vire can be neglected. In the renge
of propagating elemntary wavesp we substitute In eqlatims (10)

12. cos acS rznA , h - e'na /?,=anr1

Th2 geometrical meaning of a and 0 is illustrated in Pi. 3. 0 s the angle
which the direction of propagation of any elementary wave includes with the
z-axis and a is the projectod angle against the x-direction Rence

14
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FIG. 3. Geometrical relation between angles aO and directional cosines
hx, hy, hz characterizing direction of propagation of elementary
plane wave.
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expressions (10) for #p an Vp become:

V (i8)
r

/3 CC-C~ / ~c/
a.-SX An,

where x and y have been replaced by the cylindrical coordinates p and cp (see
Figure 2).

The elementary plane wave

when incident upon a straight wire (whose .xis coincides with the z-axis)
producem a scatter field that can be written as a superposition of elementary
uylindrical waves:

The expansion coetcients cm and c) are obtained from the bc'wlary

1.6



conditions which, for a meta.lic wire of radius a, are

L-V

respectively. Using the cylinder function representation of a plae wavJe17 )

- J L < ,,?,,,,e

we imediately find that:

c - . 2,.u,</<.,,,.
2)

(2(22)

whr ,() (2)

are the derivatives of A, 16 with regird to the argwent.
The totale2rttr ..-ti . -na urnvodi by dff, eaton of thot e tnt _MieA (I18) at
the wire is obviously obtained by auperpooition of the contr.butions (AM)

1.7



frcu all incident elementary waves (19)

ca#ls. -(3£

77'

4 n :, "r -C X sa re e n e "tld

r o u(23)

do ) /h f 9 & u c l oa s.,13 ) coxp-k an-d [ ( .~tnS zco)r/3] -

4.,

CQ)r, co-&c

In the cnae of Gaussian Ileucinatio the ol3itude fractions f and g
ar-- given by equation (15).

5- DIxiCUSSEON OF TBR 8CAT1I!R FlEW

First we vii]. discuss the case of a wire situated in the far field region
of the antenna.* The exponential function ezpf -:Ji (dcoscxsin + scosm)] in the
in tegrand of equations (23) then varies viuch more rapidl.y with a sand 0 j

dthe amplitudie functions f(uincrsiao$, co*O) =An g(aosiDn,v cosp). As a con-
stquence) the integration can be carried out asymptotically 'uing the metbod

18



of stationary phase:

(24)

2 9 OcS L9 JAl? Mcoo

re applying the method of stationary phase, the Mankel functions
E (kpi=P) in the integrands of equations (23) were replaced by their

asiptoti: representations. When the iediate vicinity of the wire* is
disregaried, this is permissible for ,all m for which the terms under the
sumatioa sign are of appreciable magnitude.

The geometrical meaning of the new variables r and 8 is illustrated in
Fig. 4. The shortest line which Joins the point ol observation p, (P, z with
the center of the anterna aperture and simUltaneously crosses the wire axis
consists of two straight line sectionu, r1 and r2. Both form the angle e
with the z-direction; their combined length is the variable r. Note that r
and e do "t depend on the azimuth angle tf.

Points of observation characterized by identical values of 0 obviously
form conical surfaces (with vertex angle ) about the wire axis, the vertex
itself being located at z - z O a d'cotgG. According to equations (24), the
distribution of the scatter fieldss and *s along a given surface 8 w const
is determined by the values of the amplitude functions f and g of the incident

i.e., ass ming p > 5a for thick wires and p > 5 X for thin wires, where a

is the wire radius and X the wavelength.

19
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beam for one direction , only, the dimection

0za 3 (25)

In other words, only one of the elementary plane waves of the incident bean
contributes significantly to the field scattered by the wire along a conee = const. According to equation (25),the direction of propagation of Ais

wave points from the antenna center towards the wire intersecting the wire
axis at the angle 0 (line r 1 in Fig. 4).

By inserting amlitude spectra (15) into equations (24), we obtain for
the eample of a Gavssian bean:

S I/. 00

212

where ~ ,6) 4(W~f~

~ ~ ~f' ~(26)

and

1-r T - 2CAIOt)

21
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Since kpo is assumed to be large, the exponential function in the expressions
fot 12, 12 decreases rapidly as e deviates from yz. In other vorda, the scat-,,

ter field is concentrated near the conical surface 6 - yz - const. In the

neioborhood of this surface we may substitute yZ for 6 in the expressions
for *I and *i:

(27)

7 .,(kaxwLs,.) i I m r

W;ith this approximationp 1 and *1 no longer depend on p and z, and equa-
tions (26) represent the scatter fields, #8 and Vs, as products of a function
depending only on the azimuth angle cp and a function Uepending only on the
radial and axial coordinates p and z. Hence, in any plane through the wire
axis (cp - const), the scatter field is (or to) has essentially the sawe dis-
tribution except for an amplitvde factor which varies from plane to plane
according to the function §l (or #,).

In the case the wire crosses the Fresnel repion of the antenna, the expo-
nential function exp[-ik(dcowsinO + zcos )] in the integrand of equations (23)
varies with a, 0 at a rate comprable to the rm.e of change of the amplitude
functions f and g, and an asymptotic evaluation of the Integrals is no longer
pemissible. Inspection of the location of the stationary points of exponen-
tial function and amplitude spectrk shows that for a Gaussian beam, however,
the expressions is and ts can be simplified so that the scatter fields can

22



still be written in the product form (26) where *I and #1. as '.fore, are
approximately given by equAtions (27) and

2V. A12

(28)

2
60UX- P,,,io

The Hankel functions %2) (kpuinO) in the integrand were again approximated

by their asymptotic representations and the beam axis angles Vy and yz were
assumed to be in the vicinity of O0 (nearly vertical incidence). The result
obtained for a wire in the antenna far zone -that the scatter field in any
plane through the wire axis has approximately the same distribution- therefore
holds for a wire in the Fresnel region of the antenna as well. However, the
field distribution along a surface 0 - const is no longer determined by only
one elementary plane wave of the incident beam, but as one would expect, by
the entire elementary wave spectrum, or at least a substantial portion of it.

6. RECIPROCITY INTEGRAL FOR STRAIGHT METALLIC WIRES

We formulate the reciprocity integral Qp equation (8), for a straight
metallic wire. Integration in aquation (8) is performed over the wire surface
p - a (see Fig. 2); the surface element is acjordingly given by da a sdydz.
Using equations (9), the field strengths EP, Hp, and Ks occurring in the inte-
grand of Q can be expressed in terms of the .ector pot-ntials #,p *, and
tv' ts respectively. For a field derived from the electric vector potentil

we obtain

f c

23



and for a field derived from the magnetic vector potential, ve obtain:

Qr~'hc4Tf IP S, ?Za~2

If the field is characterized by both vector potentials, the reciprocity
integral is the sun of expressions (29a) and (29b) since there is no inter-
action in regard to Q between fields derived from the potentials f and #:

a2 = O * (2V (29c)

We insert #p, *p and tg,*, acording to equations (18) and (23) into
equations (29). Using the orthogonality properties of the functions eiM,
the c-integration can be performed. The z-integration moreover leads to a
6-function:

so that

40./r (30)

where F(6) is any given function of 0. Hence we obtain for the reciprocity

24



integrals (29a) and ( 9b)

k -

( Z/ A~i f~~' V ") & t/ Xj~ c
(30a)

J ~ , ~))(:LaxJcVp-c .13

kd (CM.-C50 j 1/

.,a..r, .,o(30b)
2 - )m Z (Ia.rnI) -e(

With a later applicati on in mind., we note trhat, expressions (30) for the reci-
procity integral Q *itll hold "in general, i.e., for any incident field. Xn
deriving these equations only one approx~ation his been made; the contribu-
tion of the evanescent eleenTAry waves to the incident fileld at th wire h"
been neglected. If the distance bt~tveen antenna, and wire isl sufficientlyf
]Arge) this cmission is obviously juetified For Cie example of a Gaussian
incident bean we obtain by I serting the corresponding amplittude functions (15)

25



into equations (30)

1 ~-(9)7~t' *o2) (31a)/j. k ex rim++°+'*<+ ;)

+"- (31b)

' 'A no)' 2 b )Ji b -nf / 23

A 4 Y 1 dv ca+

7. ICYAUATICK OF REIPROCT! INTEGRALS # And

with the ashlmptions that the boom width of the incident beau is in the
order of 2.0 (kp0 in the order of 1W0) and the beam axis does not deviate si-
stentlily~ (by not more than about 150) frCm the .imetica of vertical inci-
denceR, the reciprocity integrals (31) can be avalmateid approzately so tht
closed forn expmesions for Qj an Q are obtained. Mw ethod of Intera.,
tion is explained izn Appendix A; the rvoult is,.

.. 4L Z.
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with - kp 2/d and

r~, )- / . *-" 1:  -""t 32 I ,,. - c r t ..

The parameter uo is determined by the equation

J/ I.J.. (32c)

which in Appendix A is solvei by a series expansion. Using this expansion,

the exponent Ij equation (32) can be dtveloped into a series of ascending

powers of cotg Vy. Neglecting 6th and higher order terms, we thus obtain

= 7 -_ <; 1pf -~ ir

(( 3

2 7 t#7, ' ,

xlpf -(k 0c) LC'~ T- IV4 '4(/r )'" el

<,,,>{c2<< .[ f# t, .-, / --'<- I< Y..

The function iP * (kaT) which determines the dependence of the reciprocity

integrals on the wire radius is given by

fr - rf34a)
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for a field derived from the electric vector potential U and by

- (34b)

for a fle.1d derived from the magnetic vector potential 4.

Xquations (32) to (34) hold for vires sufficiently thin to satisfy the
condition

(--) < I(3)

This condition, however, does not iupcee a severe restriction as it admits
wire diameters 2a of several vaveengths. If, for instance, kpo - 100 and
T - 1, wire diaeters up to 35 X trre permissible. The fimetions F end Ft
depend weakly on d and Po" This e ependence practically disappears as the
wire radius a is decreased. If

C= ) << 
(36)-4 1 r 2

the exponentiol factors on the right-hand side of equations (34) can be re-
placed by umity in all suation terms with ml < 2Us, this news, in all
terms of appreciable msgnitude. Hence

-CI J, e1a)(kaZ- ) 2 (-1

/' (z)~-f-(a, ) = LiY /_ (Z) (37a)

M :-C,.> !/ "'u (37

For the above example where kpo 1 100 and - 1, cond.tion (36) requires
that 2a < 10 X.
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If the wire crosses the Fresnel region of the antenna) i = kpg/d is in

the order of or greater than unity. if the wire is aituatet, -n the far field
region of the antenna, - is small compared to i.nity. Hence) according to
equation (32c), uo 4 0 and

= ,( occ_. (38)

FW(ka,O) and F(kapO) are given by equations (37) which in this case (Y << 1)

describe the dependence of the reciprocity integrals on wire radius not on.7
for sufficiently thin wires but according tc condition (36) for all
(k)2 << kd.

The restriction stated at the beginning of this section, that the diree-
tion of the beam axis does not substantia&y deviate f rm the direction nor-
a. to the wire axis has to be imposed only in evaluating the reciprocity in-

teg^ls for a wire crossing the Fr%snel region of' the antenna. Even in this
caue it is not an essential liaitation as Q and Q# decrease rapidly with

increasing deviations of yy and yz fr 900 If for example the bean width

is 10 and r - 1, and the bea axis deviates frm 4he direction of vertical
incidence by not iore than Ayy a 900 -yy a +30 (Vhle AYZ a 90O-yz " 0), the

reciprocity integrals Q# and Qja alr ad morf. than 50 dB below their smxi-

mum values; if yz +3° (while & = 0), they are more than 100 dB below *

these values. The received backscatter power, which is proportional to QQ
decreases correspondingly by more then 100 dMi end 200 dB if the be= axis is
turned by AYy or hy. - +30 against the direct ion of vertical incidnnee.

In the case that the wire is situated ".n the far field region of the
antenn, the reciprocity integrals can alec be evaluated by a different a
more direct method than the one used in Appendix A; an asymptotic evaluation
can be performed using the method of stationary phase. This method can be
applied to Q4 and Q* in the general form of equations (30) where a particular

characteristic of the antenna bean has Dot yet been specified. The calcula-
tions are performed in Appendix B with the result:

- _,/ . J,, ,./ , C) (39a)
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where F# and F# are given by equations (37)- Note that Q# and Q* are deter-

mined by the values of the mplitude spectra f and g for one direction a,

only, the direction of vertical incideuce a = 0, 0 * 900. In other words,

only a narrow bundle of elementary plane waves of the incident beam, those

travelling in the direction normal to or nearly normal to the wire axis, will

significantly contribute to the reciprocity integrals and, hence, to the

backcatter power returned to the antenna.

For the example of a Gaussian beam, f(O,O) and g(OO) are found frcs

equations (15). Inserting these equations into (39) reproduces equations (38)

which were obtained by the method of Appendix A for the reciprocity inte rals

of a wire in the far zone of a Gaussian antenna. Deriving equations (.3) by

means of the method of stationary phase has the advantage thst no restric-

tions have to be imposed on Yy or yz. These equations, therefore, hold for

small as well as for large angular deviations of the beam axis fro the di-

rection of vertical incidence and the admissible yy, yz-range is limited only

by the approximations itich were made in Section 3 to derive the plane way*

representation of a Gaussian beam of arbitrary axis di, ection.

8. BACKZCATTER POM RETURNED TO A1MTEINA WITH GAUSSAR CIARACTEITIC

By inserting expressions (33) for Q#, Q# into equation (7), the ratio of

received and transmitted power for a Gaussian antenn. illminating a straight

metallic wire is obtained; for N., N, we use equations (17). Hence

- _ - -,-. r (kz) ,L fL,,) (40)
Lk. ~ 3 IFY

) r .. T,

310 
It
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(40)

" +" ! ~ / 4(,C~2 c;~.

Equations (40) hold for a wire in the Fresnel region as well as for a wire in
the far field region of the antenna. In the former case, T is in the order of
or greater than unity; in the latter caze, is small compared to unity so that
equation (40) can be simplified to:

(4C

In either case, the power ratio T, ts at a maxinrum for vertical incidence - if
the beam axis intersects the wire axis at right angles - and decreasees expo-
nentialiy as the beam axis is turned away from this direction of incidence.
No side lobes are encountered for a Gaussian antenna, at least not in the in-
terestirg range of small angular deviations from vertical incidence where 71,
has apporeciable values. Note that the dependence of TI on the antenna axis
angle y. is the same for a wire in -the Fresnel and in the far field region,
while dependence on the axis angle yy varies with d. In other word,, turning
of the beam axis in the plane containing the wire axis leads to a variation
in T which is essentia.lly independent of the distance between antenna and
wire. Turning of the bean axis in the plane normal to the wire axis, on the
other hand, produces a variation in which becrmes less and less rapid as

3.



the spacing between antenna and wire is decreased.

The dependence of T on distance d between antenna and wire for vertical
incidence (yy, Yz = 900) is given by

1? , r (4e2)

Hence q w i(d) remains essentially constanj near the antenna (r >> 1); and
in the far zone (T << 1), decreases with d" . The deviation from the usual
d-4 dependence in this region is due to the fact that the scatter object in *
case is a wire infinitely extended in one dimensior. In the preceding Lsec-
tion we saw that only a narrow bundle of elementary plane waves of the inci-
dent bea= contributes significantly to the radar response of a long wire situ-
ated in the far field region of the antenna. The directions of propagation
of these elementary waves form a small solid angle about the direction of
vertical incidence a - 0, 0 - 900. We denote this solid angle by s: - b AP,
where A is the angular width of the wave bundle in the rlane perpendicular
to the wire axis and A0 is the angular width in the plane containing -the wire
axis. The method of stationary phase by which this result was derived shows
furthermore that A becomes saler and smaller as distance d between an-
tenna and wire is increased. We have 6 - l/d and hence

The portion of the wire lying within the solid angle AQ can be termed the
Ieffective length" of the wire, since this portion essentially 'c(.ermines the
backscatter field received by the antenna. The effective length is obviously
given by A a d6O and consequently increases vt h -f7 ; its contribution to
the field strength of the scatter field near the antenna is proportional to

where

d
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denotes the incident fies.l strength at the wire. The received backscatter
power U, obvL,, .s'., . to EscEs- and, beace, - d-3 in accordance
w! Lh re _f Aou ',,, ').-

The depeudeiice of ; u1A wI- radius a is detrirmined by the functions
F(ka,T) Rnd F,'ka,-,); equat.lo. (04"). For sufficiently thin ires which
satisfy conditi i , . .n'rn wire is situated in the far field region of
the antenna tbir, condiltLx !z 3.U. ied for all wire radii. - these functions
can be app:-oximatea by a,) and Ft(ka,C) as given by equations (37). In

Figs. 5 and 6. t.be ampli tide and pnase of the latter functions ae plotted
for the range 0 -: ka < .>. For small xa , F and F differ substantially.

This has to b' . expected aa Lne Oackscatter properties of thin wires depend
strongly on the pol~rizazdon o? tn( incident field. A field derived froa the
electric vector potEntI1al I comprises a strong electric field crponent par-
allel to thew axis. Tht: ratio of scattered to incident power for this
type field therefore will be substantially higher than for a field deri-ed
from the magnetic vector p.ent-i.al *, vhich contains only electric field
strength componeurts normal to the vire axis. In both cases, of course, the
scattered power approaches zero if ka -4 0.

A series expansion for small kA yields

Z _: (4u,..) C-( 43)I -- =
i'- :112(' )

<

where In c = 0-5772... is the Eulerian constant. Hence, for small ka the
received backscatter power varies with [ n ka "2 for fields derived from the
electric vector potential, bu.t with (ka) for fields derived from the naa -
tic vector potential.

With increasing wire radlus, the dependence of 1 on polarization of the
incident field diminishes. In the range where the wire diameter is in the
order of one wavelength, Ft increases monotonically with ka, while le shows
itripples" whose amplitudes decrease with increasing ka. For sufficiently
th ck wires (ka > 10), the functions F§ and F# approach each other. An
asymptotic expansion yieldi:

b ' - -,~ S.

rr 4>4I
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and the received backscatter power increases linearly with ka in both cases.

In the interesting range of small deviations of yy, yz from 900, the in-
cident beam derived from the electric vector potential is polarized nearly
parallel to the wire axis; the incidant beam derived from the magnetic vector
potential is ?olarized normal to the wire axis (see Eqs. (13) and (i4)). Ex-
pressions (40)for J# and 1 ancordingly yield the ratio of received to trans-
mitted power i .r these two directions of polarization. If the polarization
direction of the incident beam forms an angle e with the wire axis other than
0 or SO) the beam is described by superposition of two fields derived from an
electric and a magnetic vector potential

A - -1and

respectively where the distribution of #p - *p in the antenna plane x , -d is,
as before, given by equation (14). The power ratio a- ) in this cae is
still described by the right-hand side of equation (40) if we replace the
function Fj,1(ka-r) by

Thin result is obtained by modifying expressions (31) and (32) for t4, Q* and
expressions (17) for N#, NM by appropriate factors cos29 and sin29, and by

inserting the modified expressions into equation (7). One merely has to ob-
serve that fields derived from the electric and magnetic vector potentials do
not interact in regard to Q or N.

9. GENERAL SOLUTION Or RAPA0 PROBLeM FOR WIRE IN FAR FIELD REGION OF AMTEMRA

If the wire is located in the far zone of the antenna, a general expression
f ,  

ie power ratio If can be derived which holds for any antenna characteris-
tic. By inserting Qj and Q* in the general form of equations (39) into equa-
tion (7), we obtain:

"<" . , , ) (46)

I C - , P
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where F(kaO) and Ft(ka,O) are defined by equations (37) ed plotted in
Figures 5 and 6. N# and Ni can be expressed in terms of the .uplitude spectra
f and g according to equations (16). Both vector potentials, #p and tp, are
in general required for description of the fIield of an antenna.

The amplitud3a f(O,O) and g(O,O) can be related to the value of the radi-
ation characteristic of the antenna for the direction normal to the wire axis.
In an obvious generalization of the definition of the directivity gain, we
describe the radietion characteristic of the antenna by the gain function

(47)

where St is the radial component of the Poynting vector in the far zone of the

unperturbed antenna field, Nt - N# + Atis the total radiated power, and

r - [(x + d)2 + y + z2] is the radial distance fro the center of the an-
tenn, aperture (see Fig. 2); kr, of course, is assuvd to be a large nber.
The electric and magnetic field ccmponents in the far field region of the
antenna can be determined by an asymptotic evaluation of equations (30) in
connection with equations (9). For the direction of vertical incidence vhich
we shall indicate by the superscript (x), we obtain

E U H (O, - [(0)(r) (48)

(A)

Etr i.O CU(.r) P 2:c".k e_..
I."

and consequently

r (49)
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The partial field derived the electrMc &a nanetic vector poten-

tials apparently yield asymptotic electric field strengths kjich, for the
direction of vertic" Inmidece) ame tage al and normal to the vire axis,

respectivel. The phaaes of the two partial fields will in general be dif-

ferent with the result that the total asymptotic field vill. be elliptically

polarized. We introduce a polarization angle 9(x) for the rection of ver-
tical incidence by writing:

- = L c-(J te- 6 (50)

where is the phase difference between 3 7 adx)

(A1rV 0 X) 7 (A)

The Maning Z 0(), P(, and (x) in l Ustrated bY F,.. 7 wre P olar-
ization ellipse and it. special cases are show. (T. sperscript (h) as
beez amitt.4 in this figure In the case of linear polarisati , I s sero,
I is the tot-a incident field strength, a 0 is the polariation agle
measured against the wire axis. Circalar polarization is earaet'rised by

- a_ 0 - +50; the "tual, feld, strength i3 . in the pseral
case of elliptic polarization, 0 and 9 are related to the nagle C vhich the
ieJor axis of the polarization ellipse forms with the wire axis A to the
axial ratio X = En j/ L according to

IK Y2K 4

With equatione (47) to (SO), ve can noV express tho p t ff* *
fg* at = - , B =90 in termsofG(X), o(X), aMC(x)

SA 
(A)

/( ~C 0 (1)
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I

-/-(51b)

T(A) 6 1Ck 2
/ C C(ALf) Xi -6)5c

BY i.nserting these expressions into equation (346), ye finaly Obtain

/~ ~ 1 F ( a O 0 s 164Lt~ h,~~A~~2cr)(

ince I is determined by the value of the radiatica characteristic of
the antenna for only one direction - the directice nomal to the wire axis
only the pmer transmitted by the antenna in this directlon will signifi-
cantly contribute to the emru which is returned to ad received by the
antenna after scattering at the wire. The received backacatter power depends
on the polarization propertics of the antenna far field. This dspenderte
obviously steos from the fact that the backscatter properties of a strsaigt
wire are different for incident fields polarized parallel to ad normal to
the wire axis. If the radiation characteristic and the polarization proper-
ties of the far field of a given antenna are known, equation (52) permits
determination of the ratio of received to transmitted power for any orIenta-
tion of the antenna in respect to the wire. One merely has to insert into
equation (52) the values of G, 0, and g which are associated in each came
with the directions norma to the wire axis. We discuss three special cases:

(1) If equation (52) is applied to the example of a Gaussian an-
tensa, one should obtain equation (41), which is indeed the case. This is
evident if one considers Lbt fr a Gaui a-_--A (as cbhracterize& by
equations (13)) the value of G(xi J ecomes:

4o



XquAtIEn (52), Jacever, eas to a more gelleral exPrs81on ror 11 Insorar 8
this ,xpresvion applies to linearly as well as elliptically polarized inci-
dent fields while equation (41), even if generalized according to equation
(45), is Ji]itzd to linear polarization.

(2) The right..h&ad side of equation (52) has a particularly isiple
foru -wien the incident fteld is linearly polarized and the ire radius is
so large (ka > 10) that YO and Ft can be replaced by their asymptotic repre-
sentations (14). Since in the asymptotic ra&ge these two functions do not
differ, becomes independent of the polarization direction of the incident
field:

_ .. .. (53)

Hence, measuring A while turning the antenna yields the radiation character-
istic of the antenna or) more precisely, the square of .he Goa function G.

(3) The right-hand sids. of equation (52) becomes zero if

(k,) anc 2 ~ r-ayF(u a )-ey JK (1iv/0)(54)

For sufficiently thick wires (ka > 0), the functions F# and Ft do not
appreciably differ and requiremente (54) reduce to

X ,7 C(5

i.e. to the conditions for circular polarization of the incident field. The
explanation in this ca*e is obvious: if F# - F#, the backscatter properties
of the wire are the same for flelds polaxrzed tangential to and norzu to
the wire axis so that an incident field which for the direction vertical to
the wire axis is circularly polarizeA will lead to a back2catter field which
is also circularly polarized with th same direction of rotation, but the
opposite direction of propagation. Been iii their respective directions of
propagation, the two fields, therefore, rotate in opposite directions azd an
antenna emitting the incident field cannot receive the backscatter field.

Actually 1 will not become zero, but vill be very amLi since the an-
tenna will still receive backscatter power from directions of incidence
other than 900. Mathematitally speaking# the right-hand side of equation (52)
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is the first teri of an asymptotic expansin of the power ratio 1 for large
kd. If this term is zerop q is determined by the second asymptotic tern
which decreases with (kd)-4 as opposed to the (kd)-3 dependence of the first
term. Since kd. is supposed to be a large number, the received backscatter
power will decrease rap.dly as conditions (55) are approached.

These considerations imply that the receiving antenna is identical with
the transmitting antenna. If the :.-ceivi ng and transmitting antennas on the
other hand are matched to circularly polarized fields with opposite directions
of rotation, the 2ul availablt backscatter power will be received and T, as
in the case of line&r polarization, is given by equation (53).

10. RADAR CROSS STEIMC OP STRAIG MTALLIC WIRE

We savw in the last section that the radar response of an infinitely
.- g wire situated in the far field region of the illuminating sAantla, is
determined by the value of the radiation characteristic of the antemna for
the direction of vertical incidence only. Hence the wire can in principle be
replaced by a finitely bounded scatter object with an appropriate radar
cross section placed at the point where the direction of vertical incidence
intersects the wire axis. Comparison of equation (52) with the.vell-kwmn
radar range equation:

4$. 12

'7 (56)

where G Ls the value of the antenna gain function for the direction undez
which the antenna sees the scatter object, immediate4y yiel d for the equiva-
lent radar croes section

- ~' '~ F k /f 264)2

and we obtain in particular for the case of a linearly polarizad incidtnt
field if the direction of polarization at vertical incidence is parallel to
the wire axis 0

k (58a)
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and if the direction of polarization is normal to the wire *rim (@(x) - 900)

- - r~'J) 58b)

For suffli'~ently thick wires (ka > 10), Fq and F# can be approximated by

their asymptotic representatione (44), and equations (58) reduce to

it J.

The radar cross section of a long wire according to these equations increases
linekrly with distance d between antenna and wire - This is consistent, with
the earlier obtained result that the "effective length" of the wire, i.e.,
the portion of the wire which significantly contributes to the backscatter
field near the antenna increases with -fl'. Since the quantity proportional
to the effective length I is the received field strength and the quantity
proportional to the radar cros section a is the received power, we have
g - A2 where both ar and A2 are proportional to d.

11. CONCLUSIONS

The scatter field and radar response of an infinitely long straight
metallic wire have been derived under the assution that the source of exci-
tation is an antenna radiating a Gaimsian beam of narrow beam vidth in the
order of 10. Two cases can be distiruipshed, that the wire crosses the
Freanel region (near field region) of the antenna and that the wire is sitVu-
ted in the far field region of the antenna. In the former case, the theory
is limited to wire radii a < p0 where Po is the beam radius at the antenna;
in the latter case. wires of arbitrary diameters are admissable. The follow-
ing results have been obtained:

(1) The scatter field produced by diffraction of the incident beam
at the wire has essentially the sae distribution in every plane through the
wire axis; it differs from plane to plane only by an amplitude factor. If
the wire is located in the far field region of the antenna, the scatter field
is concentrated near a conical surface (about the wire axis) whose aperture
anale is equal to the angle which the aris of the incident beam incloses with
the direction of the wire ai3.

(2) The fraction T of the radiated power which after scattering at
the wire is returned 'to and received by the antenna is at a maximum for ver-
tical Incidence - when the beam axis intersects the wire axis at right angles-
and decreases exponentially as the beam axis is turned away from the direc-
tion of incidence; no side lobep are ancountered in case of Gaussian illumi-
nation, at least not in the interesting range of small angular deviations
(< 150) fron vertical incidence where T ha appreciable values,

4 3



(3) The expresion derived :.or the radar respone of a wire situated
in the far field zegion of the .!Ilmating autenna can be generalized so
that it holds for any antenna chaacteristic. This generalization shows that
L is proportional to the square of the value of the radiation characteristic
of the autenna for the dirtct.ion intersecting the wire ax:Zs at right angles.
In other words, only the energy radlated by the aatenna .n the direction of
vertical incidence will contribute significantly to the backscatter power
returned to t.ae antanna. A consequence of this result is that a radar cross
section can be assigned to the ire, even though it is assumed to be infi-
nitely long. This radar cross section increases linearly with distance be-
tvwen antenna and wire.

(4) The radar response of a wire in the far field region of the an-
tenna decroases with the inverse third power of distance d between antenna
and vire. The deviation from the usual d relat.tcn is due to the fact that
the scatter object, the wire, is infinitely exten4ed in one dluension. If
the wire crosses the F%*snel region of the antenna (and tkw antenna radiates
a Gaussian bem) the radar responte for vertical incitence decreases with
dirtance d according to

where po is the been radius at the antenna.

(5) The dependence of the radar response q on wire radius a is
essentially the same for a wire crossing the Fresnel region and for a wire
situated in the far field region of 42m antenna. The received backscatter
jover in general increases with a, and for thin wires (ka < 1) shows a marked
dependence on the polarization of the incident field. An incident beam po-
larized parallel to the wire axis produces a sust-.ta.Jy otrnger response
than an incident beam polarized normal to the wire axis. With increasing
wire radius, the dependence of q on polarization diminishes and practically
disappears when ka 1 10. For ka > 10, the radar response increases linearly
with a for either polarization,

'The theory was derived assuming that the incids.nt beam, and therefore
also the field scattered by the wire, are strictly time harmonic. The results
consequently hold for CW-radar systems, but can be P.pplied also to radar
systems employing pulsed fields provided the frequen y spectrum of the pulses
i suftcte:tl narrow. The quantities kd and (kpo) can then be treated as
c',astaati Etra the expressions derived for T under the assumption of time
harmonic field will be valid approximations for the ratio of received to
transmttea en-FI- pEr p~uibe.
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APPIVDIX A
APPROXIMATE EVAUIATICV OF THE RECIPROCITY INTEGRALS Q4 AND Qt (Gaussian

I llumination)

We evaluate the reciprocity integrals 04 and q, equations (31). The
evaluation procedure uses approximations based on the three following assump-
tions:

(i) The beam width of the incident Gaussian beam is in the order of
10. This means kpo in in the order of 100. The quantity kd is in the order
of (kpo)2when the wire crosses the Fresnel region of the ntenna, and is
large compared to (kpo)2 when the wire is situated in the antenna far zone.

(2) The wire radius does not exceed the value

i

The sumnation over a in the integrand of equations (31) can then be limited

to terms vithlml< 2[kpo) 4 + (kd)23k, this means to term, varying with a, c',
0 slowly as compared to tbe exponential part of the integrand. The con-
d.tioA a < a., does not iupooe a severe restriction. For a wire crossing

the Fresnel region of the antenna, this condition essentially requires
a < Po; therefore vire diameters of several wavelengths are admissible.
The diameter of a wire in the antenna far sone is practically not limited
by this couditiou.

(3) The beam axis angles y and Yz are close to 900; their devia-
tions from this value do not exceed .5 ° . We may restrict ourselves to con-
sidering a mall, yy, yz-range az 4 and Q* decrease rapidly with increasing

deviations of yy Yz from 900, and for a deviation of 150 already are

exceedingly aall (see equation (A.14)),.

Substituting in equations (31)

.02a / a = (A.21
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wie write

= "2_____< 2y 2
2,2

(A-3)

vhere

~(,,,2 - -(/m .Jflk . . (/-2)2. (A.4)
t n ,), .

Sincl kd a d (kpo) are I.Lrge ntmbers, the exponential functions
e tm U ~s'W) in the integrandi of equation (A.3) change rapidly with u,vw



while the functions A4.I vary only moderteiy. To evLuate t le ifntegraLs,
we use a method which is in essence the method of steepebt descent.

Differentiation with regard to up Y, v shows that the eirponent f(uvpv)
becomes stationary at 'he point

(A.5)

vhere us and vm arm solutions of the (fourth order) equations

(A.6)

um and Y. have the Wivsr series expawions:

(A.7)

For kd < (kpo) 2 and kd >> (kpo) 2 , um and vm approach real values. In the
first ae, u x ..V. cotg v.; and in the second case u - -4O. In the

intermediate kd-ranWe, u5 and vM are ccrplex; their real parts lie between 0
and cotg y.. azi their imaginary parts are small coxpared to unity.
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The paths of integration vith regard to u and v are nov shifted, as
indicated Ln Fig. 8, so thet they transverse the points u - um a.d v -wa

respectively. Thus modified; the range of integration of each sumation
term in equation (A-3) includes the corresponding ctationary point u - um

v - va, v - 0. Sinco the exponential functions e+ (u,v ' v) at thesa points
have maxium apJW.itude and zero phase change and in moving avay from these
points decrease and oscillate rapidlyonly the immediate neighborhood of the
points u - un, v - v3 , v - 0 will appreciebly ccntribute to the value9 9f the
inteara s in equatioa (A.3). In these neighborhoods, the functions m) and
A4) do not vary noticeably,aid the exponents gAm can be replaced by second

order approximations*

2.M (a U L)0 ,2Zi.!MJ rn,-8

where

2Y

Th Meo e A.t )

au av av 2* =) ay O
U M US, V , So (- a 3 0
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Note that the dtforuations of the paths of integration in u ad V, &S indi-cated in Fig. 8, have been chosen so that Au and Av near u a U& and y - vZra essentially real. Since the v-inzegrtin follovs the real axis &w., ofcourse, is real.

kAtend the range of integration in Au, Av, Av to infinity, which ispermssile s n noicebleerrr i inrodjen bythi golrfiegtin, theintegratio" can be carried out in closed form:

1

OP /7 (M) "'A 
(A-l0)

0 r 2r 3 L ~. , ft dIo2 -- am /ez

V 2 & z d..mz.v,

and we obtain vith equwcdous (A-3), and (A-9):

(All

IP n
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wnere

"L~k~(.~jIUrn 'V ) , "  2

exnd
(A.u)

".A a,,C';,n a) -(, ?tn . )]

HP ka)

This result can be simplified further. An estimate based on tke as-
Siuaptions Atuted at the beginning of this appendix shows that the functions
p(R)(yyjy) caa be replaced by seconi-order approziations in cotg yy d

cotg y7; the approximte expressions becom e pedn of a:

-' -7 2.
wbee l 'D ) /" I " Clot? if,
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la the e pwaftrtial1 Iftsitions, furthermre, ve can appraimate

'rol

veye uo (my0 ) U~ tbe weli. Of i ad vs tor a -0. Fiall3yp the tenw

Ian- arcs±ia us) end in(vu - arcain va) in the expMMt of the fmctims
A, 9o are MAmU compared to n, and therefore can be aeglatd linac.

ex to x- 2i kc14T7~u, - (k

or t

(A.13)



Expanding the e.iponent in (A.12) into a power series in cotg y y and ne-

glecting 6th and higher order terms we finally obtain

/

-2

CA c ot, r
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APZNX B

AIMPTMC EVALUATIE cA A11 P oR ROc T IMGRLU 04 AND Qt (Arbitrary
I ,ua.inatii)

Asuing that the wire is located in the far field rtgion of thm an-
tenna, we evaluate expressions (30) for Qj nd q# artyptotically using the
mthod of stetionary phase. For 1&M k the exponential functiou
expt-Ikd (cosa + cow')sino) varies rapidly with a, a', O, and all other
term in the integrands on the right-hud side of equations (30) can be
regarded as slowly varying when copared to this functior. Differentiation
with reard to a, a', and 0 shows that the exponet hat. ae sadde point
within the range of integration* at

a, a /3:900

Since kd is as sued to b-t very large, only the iediate neighbofmood of
this statioasry point will contribute appreciably to the value of the inte-

as q# and . In tis neighborhood, all terms of the integrands &part
from the exponential unction remin essentill&y constant; for the exponent,
we use the second order approxinatioc

.1,d oo, tr ew &'u3 1) 2 4 )

where A t , '/2. Without sacrificing accuracy, the range of integration
can be extended to -< a a, a', 0 < + a. Using the relation

C.0

*On the boundary of the range of integrEtion, the exponent has furtier

saddle pointsat act' a +V/2, - O, n. These stationary points, however,
do not yield an asyptotic contribution to Q# and # as the slowly varying
part of the integrand at - 0, Y beconer. zero.
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we thus obtain for Q nd Q

I (kd)~'z- (4uc) (0110

where F (ka,O) and F'(ks O) are giyen by equations (A.13) vith -, 0.
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